The idea of modifier genes was introduced by R.A. Fisher in his theory of the evolution of dominance. His idea was that the phenotypic expression of alleles at one locus could be modified by alleles at another. This modification of the phenotype results in an increase in the relative fitness of the alleles imparting the more dominant phenotype; hence the evolution of dominance. The modifying alleles in this scenario are under direct selection; they cause fitness changes and cannot, therefore, be regarded as selectively neutral.
The theory of "selectively neutral" modifiers originates with Nei's (1) model for the evolution of recombination in terms of changes in the frequencies of alleles at a modifying locus whose only effect is to alter the rate of recombination between a pair of loci that are under selection. The mathematical development of this modifier theory has now been couched in terms of the initial increase in the frequency of a rare recombination-modifying allele in the neighborhood of an equilibrium of the system without this rare allele (2) (3) (4) (5) (6) (7) (8) .
These studies have reached the conclusion that, in a random mating population, if a pair of loci is under constant viability selection (the same in both sexes), with reconstruction between them controlled by a modifying gene, and if this system attains an equilibrium at which the major genes are in linkage disequilibrium, then new alleles at the modifying locus can invade only if they reduce the rate of recombination between the major loci. This is now called the Reduction Principle for modifier genes and applies to modifiers of mutation and migration (9, 10) .
At one time it was thought that the essential reason behind the Reduction Principle was that the equilibrium value of the mean fitness is a decreasing function of the modified rate (11) . This is now known not to be valid for the case of recombination modification (12, 13) . Instead, there seems to be a mathematical property of the generation-to-generation transmission scheme, a kind of linearity, that characterizes those systems for which the Reduction Principle holds (6) . When the recombination rate is small enough, Lewontin (13) showed that the mean fitness is a decreasing function of this rate. In all cases where the Reduction Principle fails, one of the assumptions described above also fails. That is, if there is nonrandom mating, or nonconstant viability selection, or different selection in the sexes, or both mutation and selection acting on the major loci, or the selection on the major loci include segregation distortion, then violations to the Reduction Principle may occur.
Little work has been done on the modification of recombination among more than two loci. Altenberg and Feldman (6) showed that if a modifying allele eliminated recombination among an arbitrary number of loci, then it would succeed. Goldstein et al. (8) , in their numerical study of the evolution of recombination among three loci, demonstrated that modifiers of interference in recombination succeed if they reduce recombination between the outer pair of major genes. The latter study was confined to very symmetric selection among the major genes.
In the present paper, we investigate further the effect of selection on multiple major loci on the Reduction Principle. We are especially interested in whether the success of a new modifier allele depends on its decreasing overall recombination, decreasing recombination between each pair of genes, or decreasing some average recombination rate while allowing linkage to decrease between some pairs of genes. For weak selection with pairwise additiveby-additive epistasis, we show that the Reduction Principle holds in terms of a weighted average of pairwise recombination rates, with the weights taken over all pairs of major loci.
The weights depend on the strength of selection and the heterozygosity at these pairs of loci.
Hence, the results should be seen as a further generalization of the Reduction Principle to cases where patterns of recombination are not easily described on a one-dimensional scale of increase or decrease.
The Model and Dynamic Equations for Major Loci
The population of diploid individuals is assumed to be large enough that genetic drift may be ignored. The genotype of each individual is represented in terms of its maternally and paternally derived gametes, G;jGj (i,j = 1, ... , n). These gametes are composed of L autosomal major loci each with an arbitrary number of alleles. The number of possible gametes is n. In addition to these L loci, there is another autosomal locus with alleles M and m that can modify the recombination pattern among the major loci. Initially the population is monomorphic with only allele M present. A gamete composed of modifier allele M and gamete Gi, is referred to as MG i , or simply Mi. Production of gametes is specified by a set of transmission probabilities r {M i, Mj -t M k}, or simply f{ i, j --; k}, which denote the probability that genotype M G;jM Gj
for every i and j. We ignore position effects, so that f{i,j --; k} = f{j,i --; k}. Assum 
In general,
In fact, the equality
[5] [6] is valid for all gametes G i and Gj if and only if the modifier locus is not linked to any of the major loci.
I've assume that there is no segregation distortion at the modifier locus, so that
for every i and j.
Since 2~~=1 r{mi,Mj ---> mk} =~~=1 r{i,j ---> k}, it is natural to define deviations from the original gametic transmission rule due to the new modifier allele, m, by the
[8]
It follows from Eq. 5 that, in general, the deviations, R{i,j ---+ k}, are not symmetric with relation to i and j:
From Eqs. 1,7, and 8,
[10]
Here R{i,j ---> k} indicate the directions of changes in the recombination rates among the loci, due to the new modifier allele, and includes changes in both pairwise recombinations and the amount of interference. Hence, Eq. 4 may be replaced by
where, according to Eqs. 6 and 8, R{ i,j -> k} is symmetric only in the absence of any linkage of Mjm to the major loci.
Matrix Representation for the Local Dynamics
Introduce the gamete-to-gamete transmission matrix T whose ki-th entry,
j=l w* [12] stands for the probability, at the genetic equilibrium, that genotypes carrying gamete Gi produce gametes G k , and w* is the equilibrium value of the mean fitness. The columnvectors of frequencies Pt, Pi, ... , P~and 7fl, 7f2, ... ,7fn are represented by P and 7f, respectively. Then the system 11 may be written in matrix form, as
where the matrix S = 115kill, with [13J [14] The latter equality means that matrix T has maximal eigenvalue Al = 1. Although Eqs. 11, or 13, are valid whether or not P* is stable, long-term changes in 1r can move the population far from the equilibrium, P*, when it is unstable. For this reason, throughout the present article we assume that P* is a locally stable equilibrium of the dynamical system 2.
Invasion by, or elimination of the new modifier allele depends on the maximal eigenvalue, A max , of the matrix T + S , where A max is positive since the matrix has all nonnegative elements (15) . If A max is greater than one, the frequency of the allele m will eventually increase when the allele is rare. If A max is less than one, the allele is eventually lost. If A max = 1, linear analysis is not sufficient to describe the dynamics of invasion, and the dynamic behavior of allele m, when it is rare, depends on the frequencies of homozygotes mm. We do not discuss this case here.
The Then we obtain the following recursions for these relative frequencies near po:
i=l j=l [15] [16]
is the induced mean fitness of allele m. The frequency of allele m obviously satisfies the equation [17] From this equation we can conclude that the new modifier allele invades the population if, in a small enough neighborhood of P', the ratio of the mean fitnesses, vjw" of genotypes with allele m to those without m is eventually greater than one, and vanishes if this ratio is less than one. Such a "mean fitness-ratio" representation of the dynamics of a rare modifier allele is mathematically equivalent to the previous matrix representation. Instead of representing the problem in terms of eigenvalues, however, it reduces the criterion for invitation to a comparison of two scalar values, v and w,. [18] Hence, if w = tV.e, that is, there is linkage equilibrium among all of the major loci (16) , the maximal eigenvalue of the matrix T +S is equal to one. We therefore assume that the major loci are in linkage disequilibrium at the equilibrium, P'.
Introduce the matrix it is difficult to apply as it stands. Its main use probably lies in analyzing special cases, or for numerical calculations with specific parameters. We consider below two special cases in which the condi tions for a new modifier allele to invade are simpler.
Small Changes in Gamete Transmission
Suppose that the alterations in transmission rates caused by the new modifier allele are small enough that r {mi, M j --t mk} can be represented in the form r{mi,Mj --t mk} =~r{i,j --t k} + R{i,j --t k} =~r{i,j --t k} + E R{i,j --t k}, [19] where E is an arbitrarily small positive number.
Gamete-to-gamete transmission defined by the matrix T is said to be complete if for every pair of gametes, G i and G k , the total probability that genotypes carrying gamete 
This result is simpler than the previous one because it deals with only one condition on a scalar value, T = tr{B(l) §}, while Result 1 is in terms of n inequalities but is still difficult to interpret qualitatively.
Weak Selection
In this section we consider another special case, namely weak selection on the major loci, but where the changes in rates of recombination caused by a new modifier allele are arbitrary. For simplicity, it will be assumed also that the modifier locus is not linked to any major locus, so that the deviations R{ i,j -+ k} in Eq. 11 are symmetric, i.e. 
R{i,j
is negative, and is eliminated from the population if p is positive.
Concluding Remarks
Previous theory for the modification of recombination has largely been restricted to two major loci. When selection acts on many loci, the pattern of recombination among all the genes may become quite complex, and might involve second order effects such as interference. It might be conjectured that alleles that cause a decrease in some measure of overall recombination might increase in frequency. In fact, we can infer from Result 3 that the following is true:
Result 4-Suppose that a population is at a stable equilibrium with linkage disequilibrium among the polymorphic major loci under weak additive-by-additive epistatic selection of the form in Eq. 21. The population is fixed on allele M at the modifier locus which is not linked to the major loci, and the genotype M M produces recombination rates r s'
between the major loci s and t. A new modifying allele invades the population when rare if it decreases recombination between any pair of major loci sand t, and does not mcrease recombination between any two major loci. On the other hand, if the allele increases recombination between a pair of loci sand t, and does not decrease any other recombination rates, then it will be eliminated from the population.
Result 3, which is more general than Result 4, shows that the weighted average relative changes in recombination rates~, with weights A st , not the overall recombination, r ,t determines the fate of the new modifier allele. The weaker is the epistatic interaction, Cst, and the less polymorphic the genes are, the less are the weights A st , and the weaker are the effects on the dynamics of the modifier allele. Thus, recombination may increase in some parts of the genome and decrease in others as a consequence of invasion by a successful modifier. Inversions are well known to restrict recombination in some parts of the genome, while causing it to increase significantly in others, the so-called interchromosomal effect (19) . Our results suggest that conditions for success of such recombination-altering mechanisms depend on the level of epistasis and the amounts of increase and decrease in pairwise recombination across the different chromosomal regions; when appropriately weighted, the extent of decrease, however, must outweigh that of increase in levels of recombination.
The role of interference in the process of recombination modification is determined by the relative changes in recombination rates among pairs of loci. For example, consider three linked major loci 1, 2, and 3 with locus 2 between genes 1 and 3, and with initial recombination rates 7"12, 1'23, and 7"13, Thus, the invasion or elimination of recombination modifiers are very slow processes and will take a very long time in a constant environment. This brings to the fore the difficult problem of the fate of modifying alleles under changing fitness regimes, a problem which warrants further attention. 
